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We consider Deutscli's computational model of a quantum system evolving in a spacetime contain- 
ing closed timelike curves. Although it is known that this model predicts non-linear and non-unitary 
evolutions of the system, we demonstrate that it also gives rise to evolutions which are a discontin- 
uous function of the input state. These discontinuities persist for the most natural modifications of 
Deutsch's approach. 



Many solutions of Einstein's equations, such as Godel's 
rotating universe |I) , "warp drive" spacetimes |2| , worm- 
holes [31 3] , rotating cylinders of dust 5 or light [B] , and 
the Kerr black hole [7], contain closed timelike curves 
(CTC's). Some physicists, most notably Hawking, find 
solutions (as in [1-6]) in which the CTC's are not hid- 
den behind event horizons objectionable on philosophi- 
cal grounds due to the paradoxes which may result. Al- 
though Hawking has proven 8^ that CTC's cannot be cre- 
ated in a bounded region in a singularity free spacetime 
satisfying the weak energy condition (WEC), and has 
conjectured that even in spacetimes containing quantum 
fields (which notably do not satisfy the WEC) no CTC's 
may appear at all, this famous Chronology Protection 
Conjecture remains unproven. It may yet be shown that 
the universe is not, in fact, safe for historians. 

Leaving aside the question as to whether or not time 
travel is possible, a number of theoretical approaches 
have been developed to examine quantum systems in the 
presence of CTC's. The basic strategy is to confine the 
closed timelike curves to a bounded region of spacetime 
and consider the evolution of a system from the asymp- 
totic past, through the region containing CTC's, into the 
asymptotic future. It has been established f^l-T^ (see 
also [121 113]) that approaches following this prescription 
are generally not unitary [T5]. Deutsch's simple and el- 
egant model which utilizes the methods of the quantum 
theory of computation is no exception In this ap- 

proach, which will be the focus of this letter, pure states 
can evolve into mixed states as they traverse the region 
containing CTC's, signaling a loss of unitarity (similar to 
the case of black hole evaporation [E]). However, stan- 
dard quantum mechanics is preserved in the asymptotic 
past and future, and transition probabilities can be cal- 
culated in the normal fashion in any region. In addition 
to the loss of unitarity, other odd effects such as non- 
linear and non-contractive evolutions [TTl [171 [18] appear 
in Deutsch's model. Moreover, this model allows for the 
exact cloning [121120] and perfect distinguishability [31] of 
non-orthogonal states, as well as the possibility of solving 
NP-complete problems in polynomial time [THl |H] . Yet 
these are not the only peculiar features — in particular, 
we will show that for certain choices of dynamics, the 
evolution through the region containing CTC's is actu- 
ally a discontinuous function of the initial state. Hence, 



for all practical purposes the model loses its predictive 
power in the vicinity of those initial states which are as- 
sociated with a discontinuity. In the concluding remarks 
we discuss possible reactions to our result. 

The Deutsch Model — We consider two quantum 
systems evolving in a universe which contains CTC's 
in a bounded region (called the chronology violating re- 
gion) and in which the surrounding spacetime is foli- 
able into a set of spacelike hypersurfaces. One system 
(the time traveler) follows a CTC and is confined to the 
chronology violating region. The other system (the non- 
time traveler) originates in the asymptotic past, traverses 
the chronology violating region without following any 
CTC's, and proceeds into the asymptotic future. Fol- 
lowing Deutsch, the spatial evolutions of these systems 
are taken to be classical so that only internal degrees of 
freedom are treated quantum mechanically, with the as- 
sociated Hilbert spaces assumed to be finite-dimensional. 
Furthermore, any effect of the systems on the spacetime 
metric is neglected. 

A schematic diagram of this scenario is shown in Fig.[l] 
In what follows, we denote by T-Li and ^2 the Hilbert 
spaces associated with the non-time traveling and time 
traveling systems, respectively, and denote by 2?-^ the set 
of all density operators on a given Hilbert space T-L [23]. 
The density operators themselves (which represent the 
states of the systems) will be denoted by greek letters — 
for example, p € 1?^^ will refer to the state of the non- 
time traveler upon entering the chronology violating re- 
gion, and a G I??^2 will refer to the time traveling system 
upon initial encounter with the non-time traveler. Ac- 
cording to Deutsch's prescription, the composite state O 
of the two systems at the moment of their first encounter 
is taken to be uncorrelated so that D, = a. 

Furthermore, in this model all interactions between the 
two systems are assumed to be short-ranged (relative to 
the size of the CTC), and are represented by a single 
unitary gate U . After the interaction, the state of the 
composite system is given by £7 = U{p ® cr)C/^. The 
non-time traveler then leaves the chronology violating 
region, and its final state p is obtained by taking the 
partial trace over the degrees of freedom associated with 
the time traveler [21]: 

P = Tt2{U{p®<j)U^). (1) 
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Similarly, the final state of the time traveler is given by 

a = TTi{U{p(E)a)U^). (2) 

Moreover, since the time traveler follows a closed timelike 
curve, traveling back in time to again meet the non-time 
traveler, kinematical consistency requires a = a. That 
is, 



Tri(C/(p(g)CT)L/^). 



(3) 



The set of all solutions to this consistency condition (for 
a given U and p) will be denoted by Qu{p) ■ Explicitly, 

Q„(p) = {aeVn,\a^ Tv,{Uip (g> a)U^) }. (4) 



Asymptotic Future ^ 
p= Tr2(t'lH/t) 




^ Asymptotic Past 

FIG. 1: A schematic diagram of the Deutsch model 



Deutsch has shown that Qu{p) is always non-empty. 
(This follows from Schauder's fixed point theorem |25|.l 
However, when Quip) has more than one element the 
model may not be deterministic — that is, the final state 
of the non-time traveler is not in general well-defined 
since Eq. ([ij may yield a different p for each a satisfying 
Eq. (|3|. This ambiguity can be resolved — and hence 
the system made deterministic — if we have recourse to 
some physically motivated principle which chooses (for 
each U and p) a unique a G Qu{p)- In such a case, the 
state associated with the time traveling system becomes 
a function of U and p which we denote by (Jjj{p). 

One point of contention in the literature is related to 
the fact that there does not exist an obvious physical 
principle for choosing a unique consistent time travel- 
ing state for each U and p — that is, for choosing the 
function au{p)- In an attempt to avoid the creation of in- 
formation ex nihilo, Deutsch introduces the evolutionary 
principle which selects the density operator a € Qu{p) 



of maximum von Neumann entropy S{a) = —Tr{ah\a). 
Politzer [26] suggests that an equally valid principle is 
one which selects from Qu{p) the density operator a 
which minimizes S — a little thought, however, shows 
that S need not possess a unique minimum. Although 
Bacon [T5] suggests that Deutsch's evolutionary princi- 
ple also fails to choose a unique cr, the following argu- 
ment shows that this is not the case. The entropy 5 is a 
concave function of a, which means that it satisfies (for 
CTa, ff) € and < A < 1) 

\S{aa) + (1 - \)S{ab) < SiXaa + (1 - X)<Jb). (5) 

Moreover, S is strictly concave as the equality holds if 
and only if aa = (Jb [25]. Since Quip) is easily seen to be 
a convex subset of T)-^^ , and any strictly concave function 
on a convex set has a unique maximum, it follows that 
there exists a unique a G Quip) of maximum entropy. 
Of course, there may be other principles which are at 
least as well-motivated as the evolutionary principle and 
which also yield a unique choice for a. 

Another contentious point concerns Deutsch's assump- 
tion that the "initial" state of the composite system is 
a simple tensor product. Politzer [55^ argues that this is 
unjustified since the systems have interacted in the causal 
past of the time traveler, and suggests that a more natu- 
ral assumption would be to require only that p — Tr2(ri). 
However, (as he notes) this less stringent condition re- 
duces to n ~ p(>^ a when p is a pure state. 

We will not be concerned with resolving either of these 
points of contention since our results are independent 
of how these issues are settled, as we will show in the 
following section. 

Discontinuities — We now demonstrate that there 
exist gates U for which p is a discontinuous function of 
p, regardless of the choice made for (Tuip)- We begin 
with two useful definitions. For a given J7, if there exists 
no choice of Ouip) which is a continuous function of p, 
then we will call U an ephemerally discontinuous gate, 
while if there exists no choice of Cuip) such that p is 
a continuous function of p, we will call U a physically 
discontinuous gate. (Note that a physically discontinuous 
gate is ephemerally discontinuous, but the converse is not 
necessarily true.) 

An example of a physically discontinuous gate U which 
acts on the Hilbert space of a three qubit system can be 
constructed from a controlled swap gate followed by two 
controlled CNOT gates; more specifically (see Fig. [2|, 
U = |000)(100| -t- |001)(001| + |010)(011| + |011)(010| + 
|100)(000| + |101)(110| -f- |110)(101| + |111)(111|. Here, 
the non-time traveler is a two qubit system, while the 
time traveler is a single qubit. For notational convenience 
we let Hi = 'H®'H and 7^2 = where dim('H) = 2 and 
we have taken {|0), |1)} as an orthonormal basis for T-L. 
Also, we only consider initial states of the non-time trav- 
eler of the form p = Pa® Pp, since this restricted set 
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FIG. 2: A schematic diagram of a physically discontinuous 
gate. The solid dots indicate a controlled gate activated for 
the |1) state, while the empty dots indicate a controlled gate 
activated for the |0) state. The boxed x's represent a swap 
gate on two qubits, while the ©'s represent NOT gates. 



of states suffices to show that discontinuous evolutions 
exist. (The initial state of the composite system, per 
Deutsch's prescription, is given hy fl — p <S) a, with p as 
above.) The consistency condition (Eq. [2]) becomes 



Ml 



(P/3)ll + (Pa)ll 2(p/3) 



1 
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(P/j)ll(Pa)2l(CT)l2 + (Pa)ll(P/3)22(CT 
+ (P^i)l2 (o-)22(Pq)22 + (Pa)l2(0')ll 



(6) 



(7) 



where denotes the "i, j" component of the appropri- 
ate density matrix in the aforementioned basis. In what 
follows, we demonstrate that U is ephemerally discon- 
tinuous by considering the sets Qu{p) for three distinct 
initial states {p = p"^, p^ , p'^') which are infinitesimally 
close to each other, and then using these to show that 
there is no choice of <Ji,{p) which is continuous in the 
vicinity of p^ . This analysis is then further used to es- 
tablish that U is physically discontinuous. 

We begin with p^ = p^ (X) p^ = |0)(0| |0)(0|. For 
this initial state, the consistency condition gives that 
Qu[p^) = {a G Vn, I (fT)i2 = 0}. (That is, any a 
along the "z-axis" of the Bloch ball 15-^2 is consistent.) 



Now, letting < e < 1, we take p^ 



> pp to satisfy 



(Pa)ii = 1 ^^"^ (P/3 )ii = 1 — e- Then, for any such e, 
Quip"^) = { 5(|0)(0| + |1)(1|)}. (That is, the only con- 
sistent a G 15-^2 is the "chaotic state" cr^ at the center 
of the Bloch ball.) Finally, taking p^ — p^ ^ to 
satisfy (p^)ii = 1 — e and (p^)ii ~ 1, we have that 
Quip'") = {|0)(0|} (independent of e), so that again 
there is only one consistent time traveling state ct*^ (the 
"north pole" of the Bloch ball). 

The above results are illustrated in Fig. |3] Since as 
e — T' the states p"^, p^ , and p*-^ become arbitrarily close, 
we see that although a"* and a'-^ are both elements of the 
set Qu{p^), there is no way to choose a consistent time 
traveling state from Qu{p^) such that cru{p) is contin- 
uous. Thus, a discontinuity exists about the state p^ 



FIG. 3: Bloch ball representation of the relevant sets of den- 
sity operators for the non-time traveling system (first two 
columns) and the time traveling system (third column) for the 
example in the text. The discs represent slices of the Bloch 
ball in the "iz-plane" , and the top of each disc corresponds to 
the state |0)(0|. The dots in the first two columns represent 
choices for and (J G {A, B, C}), while the dots and the 
line in the third column represent the sets Qu{p^)- 



regardless of the principle used to choose Uu (p) , showing 
that U is an ephemerally discontinuous gate. 

To see that this discontinuity is physical, consider 
(see Eq. [I]) 



{p)ii = iPi3)ii (Pq)ii + (cr)ii - 2(/0q)ii(ct)i 



(8) 



For p — p"^, we have that {p^)ii = ^(l 



2 e), while for 
Thus, in the limit 



p — p^ we have that {p )ii — e 
e — >■ there is a discontinuous jump in the output state 
of the non-time traveler, showing that U is physically 
discontinuous. 

Note that in the above example we can take both p^ 
and p^ to be pure states for any value of e. For all such p, 
any choice of the initial state 57 of the composite system 
consistent with Politzer's condition p = Tr2(fi) will nec- 
essarily be uncorrelated. Thus, in this case Politzer's gen- 
erahzation reduces to Deutsch's assumption {ft = p^a), 
so that relaxing the latter in this manner cannot keep the 
discontinuity from appearing. 

The gate discussed above falls naturally into a larger 
class of unitary operators for this three qubit system 
— namely those which permute the basis vectors of the 
Hilbert space Hi (E) 7^2- We have analyzed the major- 
ity of these 8! gates and found that almost half of those 
considered are physically discontinuous (while approxi- 
mately two-thirds are ephemerally discontinuous). It is 
quite remarkable that the discontinuous gates are ubiq- 
uitous within such a simple class of examples. However, 
despite these findings, the totality of three qubit gates 
exhibiting discontinuities may yet be a set of measure 
zero in the space of all unitary operators for this system. 
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Discussion — We have considered Deutsch's model 
of a non-time traveling system interacting with a time 
traveler confined to a bounded region, and have demon- 
strated that the state of the non-time traveler in the 
asymptotic future can be a discontinuous function of 
the state in the asymptotic past. Furthermore, we 
have demonstrated that these discontinuities occur in- 
dependent of the method of choosing a unique con- 
sistent time traveling state, as well as independent of 
whether Deutsch's assumption regarding the initial com- 
posite state or Politzer's generalization is used. 

Given the phenomenon of discontinuous evolutions 
within the Deutsch model, we note several possible re- 
actions. 

(1) Question the assumptions upon which Deutsch's 
model is based. However, relaxing the two most obvi- 
ous of these, as stated in the previous paragraph, does 
not provide any respite. Thus, the only remaining natu- 
ral assumptions to be questioned are that (a) the spatial 
degrees of freedom can be treated classically, (b) the ef- 
fect of the systems on the surrounding spacetime can be 
neglected, and finally that (c) a quantum mechanical (as 
opposed to field-theoretic) model captures the relevant 
dynamics. Although over-idealizations can indeed lead 
to apparent discontinuities, none of (a)-(c) above seems 
obviously responsible for the discontinuous behavior in 
Deutsch's model. In particular, it is diffcult to believe 
that there is no imaginable configuration utilizing a dis- 
continuous gate for which these approximations are suf- 
ficiently justifed. 

(2) Accept the assumptions of the Deutsch model, but 
further assume that nature either does not utilize those 
gates which are physically discontinuous, or does not al- 
low initial states of the non-time traveler which are near 
a discontinuity. (Analagous tactics have been considered 
in the classical case as a way of avoiding the grandfa- 
ther paradox [11 .) However, this solution is somewhat 
ad hoc and inelegant. In addition, placing such restric- 
tions on initial states and/or gates sacrifices one of the 
great strengths of Deutsch's approach which purports to 
provide a viable model for any set of initial conditions 
and any dynamics. 

(3) Accept that the Deutsch model is correct as writ, 
but interpret the existence of discontinuous evolutions as 
evidence that CTC's are unphysical. 

(4) Acknowledge that quantum mechanics in the presence 
of CTC's is sufficiently strange that the existence of these 
discontinuities is a fitting physical consequence. 

Further study will be required not only to adequately 
address these reactions, but also to answer other interest- 
ing questions raised by our results, such as: What are the 
exact properties of the gates which give rise to such pe- 
culiar evolutions? For any such gate, how are the points 
at which the evolution is discontinuous distributed in the 
space of initial states? Do these discontinuities occur in 



other approaches to quantum systems in the presence of 
CTC's? Regardless, it is clear that discontinuous evolu- 
tions are an unavoidable feature of the Deutsch model, 
and are yet another strange and fascinating consequence 
of the attempt to bring together quantum mechanics and 
gravity. 

We thank Randall Espinoza, Nick Huggett, Paul 
Lopata, and Mark Mueller for many useful discussions. 
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